The Reynolds transport theorem for the rate of change of an integral over an evolving domain is generalized. For a manifold B, a differentiable motion m of B in the manifold S, an r-current T in B, and the sequence of images m(t) Y T of the current under the motion, we consider the rate of change of the action of the images on a smooth r-form in S. The essence of the resulting computations is that the derivative operator is represented by the dual of the Lie derivative operation on smooth forms.
Introduction
The transport theorem, the formulation of which is attributed by Truesdell and Toupin [1, p . 347] to Reynolds [2] and the proof of which is attributed to Spielrein (1916) , is concerned traditionally with the time-derivative of a volume integral of a density r in a Euclidean physical space for a variable domain P(t). In the classical formulations, the authors assume that the evolution is material in the sense that the subsets P(t) in space, for the various values of time t, are images of a material-like body P under a smooth motion k t , in other words, P(t) = k t (P). In addition, they assume that the body itself is sufficiently regular, so that the classical formulation of the divergence theorem holds. The transport theorem may then be written as 
where n is the unit normal to ∂k t (P). Betounes [3] extended the theory to the case where P is an r-dimensional submanifold of an n-dimensional semi-Riemannian manifold and generalized the surface divergence operator introduced in [4] . Gurtin et al. formulated in [5] a surface transport theorem and additional study and applications were presented in [6, 7] to name a few. Recently, Seguin and Fried have formulated a generalized transport theorem by applying J Harrison's theory of differential chains (see [8, 9] ). Their work [10] presents the transport theorem for irregular domains of integration in a Euclidean physical space. Moreover, the theory they present allows for singularities of the considered domains to evolve.
The present work considers evolving domains of integration on general manifolds. While versions of the transport theorem on manifolds are available (for example [11, p. 471] , [12, pp. 142-143] , [3] ), only the case of an evolving smooth manifold has been considered. Here, the domain of integration may be as irregular as a de Rham current of compact support. The image of any de Rham current under an arbitrary smooth mapping is well-defined. We thus consider the image of a current T under a smooth motion k(t, X) = k t (X) of a manifold B, which is analogous to the universal body of continuum mechanics. Thus, it is assumed that for each time t, k t is an embedding of B into the physical space S. As the evolving object is modeled by a de Rham r-current T, integration in the classical theory is generalized to the action of k tY T, the image of the current at time t, on an r-form, say v, in space.
In [11, p. 469] and [12, pp. 142-143] , the evolving domain of integration is the image of a submanifold under the flow of a vector field v. In particular, the Lie derivative L v v of the form v relative to the flow of v plays an important role in the formulation of the transport formula. Here, we show that in fact the operator representing the transport formula for currents is the dual of the Lie derivative operator v 7 ! L v v on smooth forms so that one could write it as R k : T 7 ! L Ã v T . The operator R k defined in equation (69) embodies the main geometric character of the transport theorem and may be viewed as a generalization of [3, equation (T4) ]. As mentioned above, the present work enables the formulation of the transport theorem for domains of arbitrary dimensions on general manifolds and applies to domains with non-integer Hausdorff dimension, where quantities such as exterior normal to the boundary and mean curvature are not available, all in one general setting.
We observe that currents have been used to model objects in continuum mechanics in other contexts. For example [13, 14] use the theory of Cartesian currents, and in particular the notion of a current associated with a map, for the examination of the ground states of complex bodies, for example the equilibrium state of a body subject to brittle fracture. In addition, [15] uses currents to model the geometry of dislocations.
Preliminaries and notation
The regions we consider may be very irregular. A typical region is modeled mathematically as a de Rham current (see [16] ). In particular, various fractals and singular, or non-smooth, surfaces of lower dimensions may be represented. Thus, the time-varying region which we consider in the transport theorem is the image under a certain class of deformations of a given current T.
There is a trade-off between the irregularity properties of the archetypical region T and those of the deformations it may undergo. Thus, in order to consider general de Rham currents, the deformations we consider are assumed to be smooth. We recall that a de Rham current is a linear operator acting on smooth forms. Thus, the integration of densities that is considered in the classical transport theorem as above is replaced by the action S(v) of a current S, defined in space, on a differential form v representing the integrand.
In addition to admitting irregular domains, the version of the transport theorem proposed here applies in the case of differentiable manifolds where no metric or parallelism structure is available. Thus, under consideration is a connected n-dimensional manifold B (roughly the universe of body-like control volumes) and its motion in another connected n-dimensional manifold S. The motions we consider are smooth curves in the manifold of smooth embeddings, Emb(B, S), of B into S. It is assumed that both B and S are oriented and we consider only orientation-preserving embeddings.
The set C ' (B, S) of smooth mappings from B to S will be equipped with the FD-topology defined by Michor [17, p. 40] . The FD-topology is constructed as follows. First, consider the D-topology on C ' B, S ð Þ, a basis of which consists of open sets of the form
Here, j N f is the N-jet extension of f, a section of the N-jet bundle J ' B, S ð Þ; L = {L a } is a sequence of locally finite closed sets in B; and finally, U = {U a } is a sequence of open sets in J ' B, S ð Þ. Next, define an equivalence relation on C ' B, S ð Þ such that the maps f , g 2 C ' B, S ð Þ are equivalent if they differ on a set which is relatively compact in B. The FD-topology on C ' B, S ð Þ is the coarsest topology on C ' B, S ð Þ which is finer than the D-topology and for which the above equivalence relation is an open one. (For an additional discussion of the FD-topology, see [18, p. 547] .)
The set C ' B, S ð Þ, equipped with the FD-topology, may be given a structure of a differentiable manifold modeled on a locally convex topological vector space [17, p. 91] . Given a mapping k : B ! S, a chart containing k maps a neighborhood of k into the space C ' 0 (k Ã T S) containing smooth sections with compact support of the pullback of the tangent bundle T S by k onto B. The space C ' 0 (k Ã T S) is isomorphic to the space C ' 0k (B, T S) of compactly supported vector fields along k, that is, maps w : B ! T S, such that t s w = k. These spaces may be identified with the tangent space T k C ' (B, S) [17, p. 100]. In addition, the collection of embeddings, Emb (B, S) ; is an open subset of C ' (B, S). Thus, the collection of embeddings inherits the differential topological structure of smooth maps [17, p. 43] , in particular, the tangent bundle, from the manifold of smooth mappings. Thus,
A continuous curve in C ' (B, S), equipped with the FD-topology, contains mappings that differ from one another only inside a compact set K&B [17, p. 34, p. 40]. We will avoid some of the topological details of the FD-topology by restricting ourselves to motions that are fixed outside a compact set K&B as required above.
For an open time interval I & R, ½a, b & I, let m : I ! Emb(B, S) be a smooth curve representing an evolution of a control region in space (or a convected region using the terminology of [10] ). The motion m induces a mapping k : I × B ! S by setting k(t, X) = m(t)(X). We will use the notation k t : B ! S for k t (X) = k(t, X) = m(t)(X). Evidently, the motion induces a homotopy ½a, b × B ! S of k a and k b which we will often denote by k also with some abuse of notation.
The tangent to the motion m at the time t 2 I is an element of T k t Emb(B, S) which is identified with the vector field
Evidently, _ k t is analogous to the Lagrangian velocity field associated with the motion m at the time t. We recall that the fact that the motion m is continuous with respect to the FD-topology, implies that all mappings k t , t 2 I, agree at all points in B outside a compact set which we denote by K m . It follows that Image k t is independent of t. Thus, one may write Image m for the common image. (In the case where B is compact, Image k t is both compact and open in S. This implies that Image k t = S or else the image and its complement generate a disconnection of S.) In addition, k t {K m }& Image m is independent of t, and is denoted by K# m . It follows that for all t 2 I, _ k t (X ) = 0 for all X 2 B, with X;K m . By definition k t is an embedding for each t 2 I, hence, it has a right inverse h t : Image m!B, k t s h t = id Image m , where id Image m the identity map on Image m. Thus, for each t one may define the vector field v t : Image m ! T Sj Image m by
Evidently, v t is the Eulerian counterpart of the velocity field _ k t . For x 2 S, x;K# m , one has v t (x) = 0 for all t. As a result, one may extend v t smoothly to a vector fieldv t : S ! T S by settingv t (x) = 0 for x 2 S n K 0 m . It is concluded that the motion induces a time-dependent smooth vector field
Alternatively, we define the time-dependent vector field V such that
where Th t : T(Image m) !TB is the tangent map associated with h t . The vector field V t is somewhat analogous to the second Piola-Kirchhoff stress (while _ k t is analogous to the first Piola-Kirchhoff stress).
The flow and the pullback of forms induced by a motion

The flow induced by a motion
Let t, s 2 I with s . t. Set J s, t : S ! S by
Then, if one keeps the initial time t fixed and considers the curve traversed by J s, t (x) as s varies, for any x 2 K# m ,
ð9Þ
Hence, one has
It is recalled (for example [11, p. 283] ) that for a given time-dependent vector field, u t , the timedependent flow J s, t : S ! S, describing the transformation induced by u t from the time t to the time s, is the mapping satisfying
Thus, comparing the definition of the flow with (11), it follows that the mapping defined by (8) is the flow associated with the time-dependent vector fieldv.
Using the Lie derivative
Let v be a differential r-form on S. The Lie derivative of v relative to the vector field u is given in terms of the flow J s, t of u by (see for example [11, p. 370 
where J ] s, t v is the pullback of the form v by the mapping J s,t . If the vector field and the differential form are time-dependent, indicated by the notation u t and v t , then [11, p. 372 ]
where we use the notation
In particular,
Consider a motion m given in terms of the deformations k t . We will be concerned with the time deri-
(See also [12, pp. 141-143] .) For an r-form v and a vector field u, we use the notation u y v for the contraction, or inner product, of the form and the vector field, an (r 2 1) -form defined by
Recalling the Cartan formula (e.g. [11, p. 430] )
we conclude that
where it is understood that the equation holds for any fixed X 2 B.
It is noted that for the case where v is an n -form, which is the main case considered in the classical treatments, dv = 0 and so
The homotopy formula for forms
One may obtain (25) directly using a procedure associated with the homotopy formula for differential forms (see [19, p. 135] for the Euclidean geometry). Consider a differential r-form u defined on the product manifold I × B. Using dt to denote the standard dual base vector of R, one may express the differential r-form u locally using multi-index notation in the form
where a p = 1,., n, p = 1,.,r 2 1, a p . i = 1,., n, and parentheses around a multi-index indicate that it is increasing. Using the notation
where
Let e t denote the standard base vector of R (which we could also denote by ∂/∂t). Then,
u Ha dX a , and
It follows that the decomposition (29) is invariant under a transformation of coordinates in B.
Using a superimposed dot to indicate partial differentiation with respect to the variable in R and a comma to denote partial differentiation relative to local coordinates in B, is observed that locally
Hence, locally
where b is an r-multi-index. Thus,
In addition, we may write locally
One concludes that
For a segment (a, b) & I, consider the (r 2 1) -form [u] (a,b) on B given locally by
which we also denote as
Using components, one may write
Evidently, the definition is invariant under a transformation of coordinates in B.
Locally, one has
and we conclude that
For the mapping k : I × B ! S induced by the motion m, and a time-dependent r-form v on S, we may now substitute the pullback k Y v for u in the last equation to obtain
where we have used d k
The last equation is referred to as the homotopy formula for forms (e.g. [19, p. 135 
]).
It is observed that the product structure I × B induces a decomposition of a tangent vector u 2 T (I × w 1 ) ,.,(0, w r )) = 0, identically, so that
In a coordinate neighborhood I × U in I × B we will use the coordinates X 0 = t for the component of an element E = (t, X ) 2 I × B in I , and X i , i = 1,., n, for the coordinates of the component X in U&B.
We now apply i Y to both sides of equation (42). In other words, we consider the action of both sides of the equation on space-like vectors, those of the formŵ = (0, w), w 2 TB.
Note first that given r vectorsŵ 1 , . . . ,ŵ r 2 T (t, X ) (I × B) of the formŵ i = (0, w i ),
thus,
one may rewrite (42) in the form
Next, it is noted that for vectorsŵ 1 , . . . ,ŵ r in Image i * ,
where in the fourth line we used the fact that T (t, X) k(e t ) is, by definition, the value of the partial derivative ∂k/∂t attached to the point k t (X). It follows that
Using (49) in (47) and using
which is equivalent to (25) for time-independent forms. Evidently, one has
so that we retrieve (20) for time-independent forms.
The homotopy formula for currents
De Rham currents
The classical treatments of the transport theorem consider the time derivative of the integral of a density over an evolving region in the three-dimensional Euclidean space. Seguin and Fried [10] replaced integration over smooth regions by the more general geometry of differential chains in the setting of Euclidean geometry. Here, we use the framework of general currents on differentiable manifolds as introduced by De Rham [16] . We recall that a de Rham r-current T on a manifold M is a continuous linear functional on the space of smooth differential r-forms having compact supports. Continuity of the action may be described by considering a sequence (v j ) of differential forms whose supports are contained in a single compact set K which is a subset of an open coordinate neighborhood U. If the components of the local representatives of the forms as well as all their partial derivatives of all orders tend to zero uniformly in K, it is required that T(v j ) ! 0. The support of a current T is defined to be the complement of the maximal open set U 0T for which T(v) = 0 if v is supported in U 0T . While currents are defined for forms of compact supports, a current whose support is compact may be applied continuously to forms whose supports are not necessarily compact. For the sake of simplicity, the currents we will consider here, whose supports represent material regions, will be assumed to be of compact supports.
The boundary ∂T of a current T is defined by
The boundary operator is a linear mapping taking r-currents into (r 2 1)-currents which is continuous in the weak topology on the space of currents.
As mentioned above, we will be concerned with currents on the body manifold. Such a current T represents a material object such as a material body or a material hypersurface. For example, a compact ndimensional submanifold with boundary P&B induces an n-current T P whose action on an n-form v, representing some density, is given by
Manifolds with boundary of lower dimension will induce currents of lower dimension in the same fashion. In this case, it follows from Stokes' theorem that
and so ∂T P = T ∂P . Currents may have very singular behavior such as measures on surfaces and their derivatives. In particular, currents may be used to represent various fractal sets. Let x : B ! S be a smooth mapping. Then, for any smooth form v on S having compact support, the pullback x Y v is a smooth form on B whose support is not necessarily compact. If T is a current on B having a compact support, T(x Y v) is well-defined. This leads to the definition of the push-forward x Y T of the current T by the mapping x as the current on S such that
It is noted that push-forward for general currents (not necessarily of compact supports) is frequently defined for proper mappings only. Instead, we consider currents having compact supports (as in [16, p. 47]).
The homotopy formula for currents
For an r-current S on B having compact support and a segment ½a, b & I, let [a, b] × S denote the (r + 1) -current on I × B given by (see [19, p. 125 
so that for a form that is supported in a coordinate neighborhood,
(The current [a, b] × S is a particular case of the Cartesian product, or the tensor product of currents, where [a, b] is viewed as the 1-current in I associated with the segment.)
We may now use (42) to compute
and it is concluded that
The last equation is known as the homotopy formula for currents. Let T be an r-current and let u be a vector field of class C N . We will use the notation u^T for the (r + 1) -current defined by
for all (r + 1) -test forms u. For the setting under consideration, we may be more specific, and using (50), we have for a timeindependent r-form v
Using equations (22) and (24) it is easy to obtain
and it follows that (62) may be expressed in terms of the vector field V t as
Equations (62) and (64) may be rewritten abstractly in the form
Here, integration is understood in the sense of an integration in a locally convex topological vector space as in [17, p. 76 ].
6. The transport theorem for currents
The transport formula
We can derive now the formula to be used in the transport theorem. Equation (20) implies that
and it follows that
The transport formula may be also written as
where the operator R k , defined by
will be referred to as the transport operator. Alternatively, one may use Equation (65) to obtain
and then, differentiating the product,
and one retrieves the transport formula (67). It is also observed that if one expresses the time derivative of k ] t v in terms of the Lie derivative as in (20) , it follows that
where L Ã v t is the formal dual of the Lie derivative operator. As a result, the transport operator satisfies
In addition, k tY T is the image of the current in space so that for the Eulerian version of the transport theorem, or for the case where the body is identified with its current image, the transport operator is simply the dual of the Lie derivative. (See an analogous result in [20] . ) We finally remark that since the support of k tY T is contained in Image k t = k t {B}, the extension from v t tov t has no computational significance and the 'hat' (b) may be omitted in practice.
Transport and balance
Consider the standard situation where v represents the density of some extensive property. In such a situation, assuming v satisfies Cauchy's postulates, associated with the property are a time-dependent n-form § representing the source and a time-dependent (n 2 1)-form J representing the flux, such that the differential balance equation for the property is (see for example [21] )
Thus, the transport formula assumes the form
where the first and second line above represent the Eulerian and Lagrangian formulations of the transport, respectively.
The case of an n -current
We now consider the common situation where the current is of the same degree, n, as the dimension of the body manifold B and the space manifold S. Sincev t^kt] T is an (n + 1)-current in an n-dimensional manifold, it vanishes identically. Thus, the transport formula reduces to the special form
In the regular case, there is a part of the body P, a compact n-dimensional submanifold with boundary of B, which induces an n-current T P as in (53) and (54). For the time-dependent n-form v in S,
Since k t j P : P!k t (P) is an orientation-preserving diffeomorphism of compact manifolds, for any nform u defined on k t {B},
It follows that
and the Eulerian version of the transport formula becomes
It is observed that the second integral on the right, contains the flux-like (n 2 1) formv t y v t . By the definition of the contraction operation, the restriction ofv t y v t to ∂k t {P} vanishes whereverv t is tangent to ∂k t {P}. The theory presented in the preceding sections enables the generalization of the example above to irregular sets that represent n-currents. For example, P may be a compact subset of R n whose characteristic function is integrable relative to the Lebesgue measure. In particular, various fractals, such as the two-dimensional von Koch snowflake, may be represented by de Rham currents. (Even though the perimeter of the Koch snowflake is infinite, the analog of integration on the boundary of the snowflake is well defined by ∂T(v) = T(dv).)
Locally, a smooth n-form v on B may be represented as
where v 0 is a smooth function. An n-current T on B may be represented in the form
where T 0 is a distribution viewed as a 0-current, so that
Thus, the framework presented here applies for the case where T 0 is any distribution with compact support.
Currents induced by submanifolds of lower dimension
In order to exhibit the role of the term ∂(v t^kt] T ))(v t ) that appears in the transport formula and that vanished in the case of n-currents, we consider the smooth case where the current under consideration is induced by a smooth, compact, (n 2 1)-dimensional submanifold with boundary Q of B in the form
for any smooth (n 2 1) -form u on B.
For any (n 2 1)-form v on S, one has
and one has
The (n 2 1)-form v t may be interpreted as a flux form whose integration over an (n 2 1)-dimensional oriented manifold gives the total flux of some extensive property through that manifold. Thus, if we assume no sources exist, dv t may be interpreted as the rate of change of the density of that extensive property. It is also observed that the restriction ofv t y dv t to k t {Q} vanishes whereverv t is tangent to k t {Q}. The term then represents the rate of change of the flux through the surface caused by transversal motion of the submanifold sweeping through regions where the flux changes.
In analogy with the case of n dimensional manifolds, in the term
the restriction ofv t y v t to ∂k t {Q} will vanish whereverv t is tangent to ∂k t {Q}. For a submanifold Q of dimension lower than n 2 1, equation (86) still holds. Again, the restriction of v t y v t to ∂k t {Q} vanishes ifv t is tangent to ∂k t {Q} and the restriction ofv t y dv t to k t {Q} vanishes whereverv t is tangent to k t {Q}.
The inner product of a current by a differential form
In the preceding paragraphs we considered cases where the currents under consideration could be identified with subsets of B, either smooth submanifolds or irregular sets. A typical picture of the situation we may have in mind is of a herd grazing on grass in a field or of a school of fish feeding in the ocean. The density of grass in the field or the food in the ocean is represented by the form v while k tY T represents the current configuration of the herd or school. Thus, assuming that the animals or fish graze at a uniform rate in space, k tY T(v t ) represents the rate at which food is consumed. In this case, ∂k tY T(v t )/∂t represents the rate of change of the consumption rate as the herd or school evolves in space. (We are not concerned here with the fact that the consumption of food affects its density.) However, it is plausible that the rate at which the animals feed is not uniform in B due to variations in the animal sizes. Evidently, in addition to this pastoral interpretation, one could also consider the analogous example of a chemical reaction rate. This suggests that there is a function C defined on B such that we consider currents of the form T = CT Q for a current T Q induced by a subset Q&B.
To be concrete and more general, for an r-current T and a p-form C, r ! p, we consider the (r 2 p)-current Tx C defined by
In the case where T = T Q for a smooth submanifold Q and a 0-form, a function C on B as expected. Thus, we wish to compute
First note that k tY (Tx C)(v t ) = T(C^k t Y v t ). Define the Eulerian version c t of C by
so that C = k 
Next, one has
